DISCRETE RANDOM VARIABLES

DEFINITION : A discrete random variable is a function X (s) from
a finite or countably infinite sample space S to the real numbers :

Xt S — R.

EXAMPLE : Toss a coin 3 times in sequence. The sample space
1S

S = {HHH,HHT,HTH , HTT, THH, THT , TTH,TTT},
and examples of random variables are

e X(s) = thenumber of Heads in the sequence ; e.g., X(HTH) = 2,

e Y(s) = Theindex of the first H; e.g., Y(TTH) =

S
0 if the sequence has no H , i.e., Y(TTT) = 0.

NOTE : In this example X(s) and Y(s) are actually integers .
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Value-ranges of a random variable correspond to events in S .

EXAMPLE : For the sample space
S = {HHH,HHT,HTH , HITT, THH , THT , TTH,TTT},

with
X(s) = the number of Heads ,
the value

X(s) = 2, corresponds to the event {HHT , HTH , THH} ,

and the values

1< X(s) <3, correspondto {HHH ,6K HHT ,6 HTH,6K THH} .

NOTATION : If it is clear what & is then we often just write
X instead of X (s) .
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Value-ranges of a random variable correspond to eventsin S,

and
events in S have a probability .

Thus
Value-ranges of a random variable have a probability .

EXAMPLE : For the sample space
S = {HHH,HHT,HTH ,HTT, THH, THT , TTH,TTT},

with X(s) = the number of Heads ,

we have

6

QUESTION : What are the values of
PX<-1),P(X<0),PIX<1),PIX<2), PIXZ3), PIX <47
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NOTATION : We will also write px(z) to denote P(X =ux) .
EXAMPLE : For the sample space
S = {HHH, HHT, HTH, HTT , THH , THT , TTH , TTT} .

with
X(s) = the number of Heads ,

we have
px(0) = P({TTT}) = 1
px(1) = P({HTT,THT,TTH}) = 2
px(2) = P({HHT, HTH,THH}) = 2
e px(3) = P({HHH}) - !
px(0) + px(1) + px(2) + px(3) = 1. (Why?)
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Graphical representation of X .

The events Ey, Ey, Es, E3 are disjoint since X(s) is a function !

(X : S — R must be defined for all s € S and must be single-valued.)

16}



0.35
0.30
0.25
g 0.20
0.15
0.10
0.05

0.00

0.0 0.5 1.0 1.5 2.0 2.5 3.0

The graph of px .
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DEFINITION
pX(CC) = P(X:QZ),

is called the probability mass function .

DEFINITION :
Fx(z) = P(X <ux),

is called the (cumulative) probability distribution function .

PROPERTIES :

o ['x(x) is a non-decreasing function of x . ( Why 7 )
o Fx(—o0) = 0 and Fx(oo) = 1. ( Why 7))
o Pla< X <b) = Fx(b) — Fx(a). ( Why 7 )

NOTATION : When it is clear what X 1s then we also write

p(x) for px(x) and F(x) for Fx(x).
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EXAMPLE : With X(s) = the number of Heads , and
S = {HHH,HHT,HTH,HTT, THH, THT , TTH, TTT},

p(0) = & , p(1) =2 , p2) =2 , »pB) = 3,

we have the probability distribution function

F(—-1) = P(X <-1) = 0
F(0) = P(X < 0) = -
F(1) = P(X < 1) = =
F(2) = P(X < 2 = z
F(3) = P(X < 3) = 1
F(4) = P(X < 4) = 1

We see, for example, that

PO<X<2) = PX=1 4+ P(X=2)
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The graph of the probability distribution function Fx .
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EXAMPLE : Toss a coin until "Heads” occurs.

Then the sample space is countably infinite , namely,

S = {H, TH , TTH , TTTH , ---}.

The random wvariable X is the number of rolls until "Heads” occurs :

X(H) =1 , X(TH) =2 , X(TTH)

7 -3 ..
Then

p()=35 , p2)=3 , pB)=5 , - (Why?)
and n " |
Fn) = P(X<n) = S pk) = 3 o0 = 1 5,
and, as should be the case, o= o=

[©.@) n 1

k) = i k) = i l1——) = 1.
; p(k) = lim ; plk) = lim (1- )

NOTE : The outcomes in & do not have equal probability !

EXERCISE : Draw the probability mass and distribution functions
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X (s) is the number of tosses until "Heads” occurs - - -

REMARK : We can also take § = §,, as all ordered outcomes of
length n. For example, for n = 4,

S, = { HHHH, HHHT, HHTH,6 HHTT,
HTHH , HTHT ., HTTH, HTTT,
THHH , THHT, THTH ., THTT,
TTHH, TTHT, TITTH, TTTT }.

~

where for each outcome the first ”Heads” is marked as H .

Each outcome in S, has equal probability 27" (here 274 = %), and

px(1)=1 | px@) =1, px@) =1, px@==% -,

independent of n .
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Joint distributions

The probability mass function and the probability distribution function
can also be functions of more than one variable.

EXAMPLE : Toss a coin 3 times in sequence. For the sample space

S = {HHH,HHT,HTH , HTT , THH , THT , TTH,TTT},
we let

X(s) = F# Heads , Y(s) = index of the first H (0 for TTT) .

Then we have the joint probability mass function

pxy(z,y) = PX=xz,Y=y).
For example,

pX,Y(27 1) — P(X — 2 , Y — 1)

Co o
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EXAMPLE : ( continued ---)  For
S = {HHH, HHT , HTH , HTT , THH , THT , TTH , TTT}
X(s) = number of Heads, and Y(s) = index of the first H ,

we can list the values of pxy(z,y) :

Joint probability mass function pxy(z,y)
y=0 y=1 y=2 y=3| px(=)

r=0 N 0 0 0 5

I T

X =2 0 2 z 0 s

r=3 0 : 0 0 5

py (y) g 3 5 5 1

NOTE :
e The marginal probability px is the probability mass function of X.

e The marginal probability py is the probability mass tunction of Y.
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EXAMPLE : ( continued - - - )
X(s) = number of Heads, and Y(s) = index of the first H .

y=0 y=1 y=2 y=3| px(x)

z=0 : 0 0 0 <
1 1 1 3

r=1 0 8 8 8 3
X =2 0 2 x 0 3
T = 0 z 0 0 5
Py (v) 5 5 : 5 1

For example,

e X =2 corresponds to the event {HHT , HTH , THH} .
e Y =1 correspondstothe event {HHH , HHT , HTH , HTT} .
e (X =2 and Y =1) corresponds to the event {HHT , HTH} .

QUESTION : Are theevents X =2 and Y =1 ndependent ?
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The events E;; ={se S : X(s)=1, Y(s)=j} are disjoint.
QUESTION : Are theevents X =2 and Y =1 wndependent ?
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DEFINITION :

pX,Y(ajvy) = P(X — €, Y :y) ’

is called the joint probability mass function .

DEFINITION
FX,Y(Q:?y) — P(X§$7Y§y),

is called the joint (cumulative) probability distribution function .

NOTATION : When it is clear what X and Y are then we also

write
p(z,y) for pxy(z,y),

and F(x,y) for Fxy(z,y).
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EXAMPLE : Three tosses : X (s) = # Heads, Y (s) = index 13 H .

Joint probability mass function px.y(x,y)
y=0 y=1 y=2 y=3]| px(z)
r=0 5 0 0 0 5
c=1| 0 1 11| 3
x =2 0 z % 0 3
r=31 0 - 0 0 5
py (y) % % % % 1
Joint distribution function Fxy(z,y) = P(X <z,Y <y)
y=0 y=1 y=2 y=3| Fx()
Antd IS S SR B (-
Sl I SR S B
=2\ g g g 8 8
] I N B N
Fy() || s : ; L L

Note that the distribution function F'x is a copy of the 4th column,
and the distribution function Fy is a copy of the 4th row. ( Why 7 )
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In the preceding example :

Joint probability mass function pxy(x,y)

y=0 y=1|y=2 y=3| px(z)
r=0 5 0 0 0 S
i R I
T =2 0 : : 0 2
r=3 0 ! 0 0 z
py (y) % % % % 1
Joint distribution function Fxy(z,y) = P(X <z,Y <y)
y=0 y=1|y=2 y=3| Fx()
=0 ] : L.
r = 1 2 3 4 4
R
=2\ g g g 8 8
ST I N
Fy() || s : ; L L

QUESTION : Why is
Pl<X<3,1<Y<3) = F(3,3) — F(1,3) — F(3,1) + F(1,1) ?
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EXERCISE :

Roll a four-sided die (tetrahedron) two times.

(The sides are marked 1, 2, 3, 4.)

Suppose each of the four sides is equally likely to end facing down.

Suppose the outcome of a single roll is the side that faces down ( !).

Define the random variables X and Y as

X = result of the first roll , Y = sum of the two rolls.

e What is a good choice of the sample space S 7
e How many outcomes are there in S 7
e List the values of the joint probability mass function pxy(z,y) .

e List the values of the joint cumulative distribution function Fxy(x,y) .
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EXERCISE :
Three balls are selected at random from a bag containing
2 red , 3 green , 4 blue balls .

Define the random wvariables

R(s) = the number of red balls drawn,
and

G(s) = the number of green balls drawn .
List the values of
e the joint probability mass function pra(r,g) .
e the marginal probability mass functions pgr(r) and pg(g) .
e the joint distribution function Frg(r,g) .

e the marginal distribution functions Fgr(r) and Fg(g) .
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Independent random variables

Two discrete random variables X(s) and Y (s) are independent if

PX=x2,Y=y) = P X=ux)-P(Y=y), forall xandy,

or, equivalently, if their probability mass functions satisty

pxy(z,y) = px(x) - py(y), forall zandy,

or, equivalently, if the events
E, = X '({z}) and E, = Y '({y}),
are independent in the sample space S , i.e.,
P(E.E,) = P(E,)-P(F,), forall xandy.
NOTE :

e In the current discrete case, x and y are typically integers .

e X '{a}) ={se8S: X(s)=x}.
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Three tosses : X (s) = # Heads, Y(s) = index 1°* H .

e What are the values of px(2), py(1), pxy(2,1)7

e Are X and Y independent?
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RECALL :

X(s) and Y(s) are independent if for all = and v :

pX,Y(l“,y) = px(z) - py(y) .

EXERCISE :

Roll a die two times in a row.

Let
X be the result of the 1% roll ,

and
Y the result of the 2™ roll .

Are X and Y ndependent , i.e., is

pxy(k,l) = px(k)-py(l), forall 1 < k¢ < 6 ?
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EXERCISE :

Are these random variables X and Y wndependent 7

Joint probability mass function py y (z,y

N——"

y=0 y=1 y=2 y=3| px(@)
x =0 5 0 0 0 5
=1 o & F )
T =2 0 z 5 0 2
T =3 0 5 0 0 5
Py (y) 5 5 5 5 1
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EXERCISE : Are these random variables X and Y independent ?

Joint probability mass function py y(z,y)
y=1 y=2 y=3| px(v)
=1 3 & & | 3
=2 & & & | b
=8| § & & | !
py (y) 5 5 ; 1

Joint distribution function Fxy(x,y) = P(X <2,V <y)

y=1 y=2 y=3| Fx(x)
=11 & & 1 | !
T =3 2 2 1 1
Fy (y) 2 2 1 1

QUESTION : Is Fxy(z,y) = Fx(x)- Fy(y) 7
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PROPERTY :

The joint distribution function of independent random variables
X and Y satisfies

Fxy(z,y) = Fx(z) Fy(y), foralzy.

PROOF
Fxy(zr,y)) = PX <z, Y <y

= Dick i<t Pxy(Ti,yj)

= Dick i< Px(wi)-py(y;)  (by independence)

= i 1 0x(@) - 22 Py(Y;) }

= {2 i<k Px(m) - >0 pv(y;) }

= Fx(zr) - Fy(ye) -
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Conditional distributions

Let X and Y be discrete random variables with joint probability
mass function

pX,Y(xa y) .

For given = and y , let
E, = X '({z}) and E, = Y '({y}).

be their corresponding events in the sample space S.

Then

P(Ewa) L pX,Y(xay)

PERD) = "pE) =

Thus it is natural to define the conditional probability mass function

— — r _ pX,Y(CU,y)
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Three tosses : X (s) = # Heads, Y(s) = index 1°* H .

e What are the valuesof P(X =2|Y =1) and P(Y =1| X =2)7
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EXAMPLE : (3 tosses : X(s) = # Heads, Y (s) = index 1°* H.)

Joint probability mass function pxy(z,y

N——"

y=0 y=1 y=2 y=23] px(@)
r =10 : 0 0 0 L
r=1 0 % % % %
r =2 0 : ! 0 :
Py (y) S . % ! 1
Conditional probability mass function px Y( ly) = p);;”((;’)’y)
y=0jy=1|y=2]y=3

r =20 1 0 0 0

x =1 0 % % 1

T =2 0 . ! 0

T =3 0 % 0 0

1 1 1 1

EXERCISE : Also construct the Table for py|x(y|z) = 2 Y (@y)

px ()
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EXAMPLE :

Joint probability mass function pxy (z,y)
y=1 y=2 y=3| px(z)
v=11 3 51 >
r=2) 3 S 3
r=3] 3 B 5% ;
py () 5 5 : 1
Conditional probability mass function pxy(z|y) == );’;((;)’y) .

y=1y=2 1y=3

=1 5 | 3 | 3
s=2| L | 1 | 1
s=3] L | & | 3

1 1 1

QUESTION : What does the last Table tell us?
EXERCISE : Also construct the Table for P(Y =y|X =1x) .
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Expectation

The expected value of a discrete random variable X is

FE[X] = Za:k-P(X:xk) = Z$k'px(ﬂik)-

Thus FE|X] represents the weighted average value of X .

( E[X] is also called the mean of X .)

EXAMPLE : The expected value of rolling a die is

FIX] = 1- +2. 04+ ... 461 = %'22:1k —

EXERCISE : Prove the following :
e FlaX] = aFE[X],
e FlaX+b = aFEX] + b.
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EXAMPLE : Toss a coin until "Heads” occurs. Then
S = {H,TH , TTH , TTTH , ---}.

The random variable X is the number of tosses until ” Heads” occurs :

X(H) =1 , X(TH) =2 , X(ITH) = 3.
Then
1 1 1 "k
EX] = 1-= + 2-= e = — = 2.
| X ] 5 + 0 + 3 : + Tim ; o
1 ZZzl ]f/2k
1 | 0.50000000
2 | 1.00000000
3 | 1.37500000
10 | 1.98828125
40 | 1.99999999
REMARK :

Perhaps using S,, = {all sequences of n tosses} is better - --
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The expected value of a function of a random wvariable is

Elg(X)] = Y glax) pzx) .

EXAMPLE :
The pay-off of rolling a die is $&° , where k is the side facing up.

What should the entry fee be for the betting to break even?

SOLUTION : Here ¢g(X)= X?, and

6
1 1 6(641)(2-6+1 91

Elg(X)] = 2:#6 = 6( )% ) = & = $1517.

k=1

103



The expected value of a function of fwo random variables is

Elg(X,Y)] = ZZ 9(r, Ye) p(Tr, Ye) -

EXAMPLE : y=1 y=2 y=3]| px(x)
=1 1 & & |
L = 9 36 36 8
Py (y) 2 6 8 1
_ 1 1 1 5
EX] =15 4+2-3+3-5 = 3,
2 1 1 3
Ey] = 1.2 +2.143.2 = 3
_ | 1 |
EXY] = 1.1 42.1 4 3.1
9 1 1
+ 022 44.1 4 6.1
1 1 1 5
+ 3.1 46-L +9.L = 3

(So?7)



PROPERTY :

e If X and Y are independent then E|XY| = FE|X] E[Y].

PROOF :

EXY] = 3,50, @k Ye pxy (Tn, ye)
= D k2.0 Tk Ye px(xx) py(ye)  (by independence)
= 2ol @ px (@) D20 ve Py (ye) )
= A2k 2o px(@r)} {22, e oy (We)}

= F[X]|-FElY].
EXAMPLE : See the preceding example !
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PROPERTY : E[X+Y] = E[X] + E[Y]. (Always!)

PROOF

EX+Y] = 20 220 @k +ye) pxy (e, ye)
= 2k 20 TR Pxy (@ Ye) + Do Dp Ye Pxy (T Ye)
= 2k 20 TR Pxy(@eYe) + Do 2ok Ye Pxy (T Ye)
= 2tk 2o pxy(@e,ye) b+ 2 ve sy pxy (e, ye)}
= plme px(@r); + 224y by (We)}

— E[X] + E[Y].

NOTE : X and Y need not be independent !
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EXERCISE :
Probability mass function px y (=,

y=06 y=8 y=10 | px

)
7)

<

/N

-

o=

i
g flo—= O o
o=

g ||jo— O o
— oo ol oo

Show that

e E[X] =2 , E[Y] =8 , E[XY] = 16

e X and Y are not independent

Thus if
E|XY] = FE|X] E[Y],

then it does not necessarily follow that X and Y are independent !
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Variance and Standard Deviation

Let X have mean
w = KE[X]|.

Then the wvariance of X is

Var(X) = B[ (X —p)?] = Z (we — p)* p(xe)

which is the average weighted square distance from the mean.

We have
Var(X) = E[X? — 2uX + p?

— FE[X?] — 2uE[X] + p?

= EB[X7] — 27 + 1

= E[X?] — p*.



The standard deviation of X 1is

VVar(X) = VE[(X —p?] = VE[X? — 2.
which is the average weighted distance from the mean.

EXAMPLE : The wariance ot rolling a die is

6
1
V = . 2
ar(X Zl 6 (4
B 16(6+1)(2-6—|—1) B (Z)2 B %
6 6 27 12
The standard deviation is
35
— — =~ 1.70.
’ 12
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Covarilance

Let X and Y be random variables with mean

EX] = px ) ElY] = py.

Then the covariance of X and Y 1is defined as

Cov(X,Y) = E[(X—px) (V=py)] = Y (@e—px) (ye—py) plax, ve)
We have |
Cov(X,Y) = FE[(X—pux) Y —puy)]

= EXY —puxY —py X + pxpy]

= FEXY] — pxpy — pypx + pxpy

— E[XY] — E[X]E]Y].
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We defined

Cov(X,Y)

Bl (X —px) (Y — py) |

— Z (e — px) (Ye — py) p(xr, ye)

— Ey[XY] — FE[X]| EY].
NOTE :

Cov(X,Y) measures ” concordance ” or ” coherence” of X and Y :

o If X >ux whenY > puy and X < puxy when Y < puy then

Cov(X,Y) > 0.

o If X >ux whenY <puy and X < uxy whenY > puy then

Cov(X,Y) < 0.
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EXERCISE : Prove the following :

e Var(aX +0) = a* Var(X),

e Cov(X,Y) = Cov(Y,X),

e Cov(cX,Y) = cCov(X,Y),

e Cov(X,cY) = cCov(X,Y),

e Cou(X+Y,Z) = Cov(X,Z) + Cov(Y,Z),

o Var(X+Y) = Var(X) + Var(Y) + 2 Cov(X,Y) .
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PROPERTY :

If X and Y are independent then Cov(X,Y) = 0.

PROOF :

We have already shown ( with ux = F[X] and puy = E[Y] ) that

Cov(X,Y) = E[(X—px) (Y —py)] = E[XY] - E[X] E[Y],

and that if X and Y are wndependent then

E[XY] = E[X]E[Y].

from which the result follows.
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EXERCISE : ( already used earlier --- )

Probability mass function pxy(z,y)
y=6 y=8 y=10| px(x)
x = 1 0 5 5
=2 0 1 0 5
xr =3 5 0 : 2
py (y) : 5 5 1
Show that
e E[X] =2 , E[Y] =8, E[XY] =16
e Cou(X,Y) = E[XY] — E[X]E[Y] = 0

e X and Y are not independent

Thus if
Cov(X,Y) = 0,

then it does not necessarily follow that X and Y are independent !
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PROPERTY
If X and Y are wndependent then

Var(X+Y) = Var(X) + Var(Y).

PROOF :
We have already shown (in an exercise !) that

Var(X+Y) = Var(X) + Var(Y) + 2 Cov(X,Y) ,

and that if X and Y are wndependent then

Cov(X,Y) = 0,

from which the result follows.
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EXERCISE :

Compute

for

EX] , E[Y] ., EXT] , E[Y7]

EIXY] , Var(X) , Var(Y)

Cov(X,Y)
Joint probability mass function px y(z,y)
y=0 y=1 y=2 y=3| px(x)
T T
Py (y) 5 5 5 5 1
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EXERCISE :

Compute
EX] , ElY] , EX?] , E[Y7
EIXY] , Var(X) , Var(Y)
Cov(X,Y)
for

/N

Joint probability mass function py y(z,y)

y=1 y=2 y=3| px(z)
r=1| 3 51 >
_ 2 1 1 1
T =2 5 i i 3
_ 1 1 1 1
L= 9 36 36 6
pY(y) % % % 1
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